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Abstract: We propose an equivalence of the partition functions of two different 3d 
gauge theories. On one side of the correspondence we consider the partition function of 
3d SL{2, M) Chern-Simons theory on a 3-manifold, obtained as a punctured Riemann 
surface times an interval. On the other side we have a partition function of a 3d 
M = 2 superconformal field theory on S*^, which is realized as a duality domain wall 
in a 4d gauge theory on 5*^. We sketch the proof of this conjecture using connections 
with quantum Liouville theory and quantum Teichmiiller theory, and study in detail 
the example of the once-punctured torus. Motivated by these results we advocate a 
direct Chern-Simons interpretation of the ingredients of (a generalization of) the Alday- 
Gaiotto-Tachikawa relation. We also comment on M5-brane realizations as well as on 
possible generalizations of our proposals. 
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1 Introduction 

Over the past decades the notion of duality has played a key role in the study of gauge 
theories and string theories. The word duality traditionally refers to an equivalence of 
two different physical theories, but there are important examples of "duality" which 
do not fall into this category: a pair of two theories, although different as physical 
theories, share certain common quantities, which have different physical meanings and 
can be computed by completely different methods in the two theories. In other words. 
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this is a duality as an equivalence of two quantities (e.g. the partition functions) or 
subsectors (e.g. ground state Hilbert spaces) of the two theories, as opposed to an 
equivalence of the full theories themselves. This extended notion of duality, although 
limited in its power and scope, is much more general, and provides a useful bridge 
between theories which are unrelated otherwise. A good example for this is the recently 
discovered Alday-Gaiotto-Tachikawa (AGT) relation, which claims an equivalence of 
the instanton partition functions of 4d A/" = 2 SU (2) superconformal field theories on 
S*^ and conformal blocks of 2d Liouville theory on Riemann surfaces [1]. 

In this paper, we initiate a program to connect two different 3d gauge theories 
— one is a (bosonic) 3d SL(2, M) Chern-Simons theory and another is a 3d A/" = 2 
superconformal field theory. This provides yet another example of the generalized 
duality in the sense mentioned above. In particular, we propose an equivalence of the 
partition function of the two theories. This is schematically written as 

^3d SL{2,R) CS = ^3d Ar= 2 theory (1-1) 

More precise formulation of this statement, as well as explicit examples, will be given 
below. 

We will arrive at the relation (1.1) by a chain of connections with quantum Te- 
ichmiiUer theory and quantum Liouville theory, each step interesting in its own right. 
For example, in one step we will encounter a new state sum model for SL{2, M) Chern- 
Simons theory defined from quantum Teichmiiller theory. Assuming several conjectures 
in the literature, this almost gives a proof of the relation (1.1). This will also clarify 
the connection between our proposal and the AGT conjecture and its generalization 
[2]. From this viewpoint the relation (1.1) should be thought of as a (3+3) version 
of AGT relation, which divides 6 into (4+2) (see the cautionary remarks in section 3, 
however). In fact, this understanding leads to an interesting question of reformulating 
everything we know about the AGT correspondence (and its generalization) in the lan- 
guage of SL{2, M) Chern-Simons theory. We will provide partial answer to this problem 
in this paper. In particular, the underlying reason for our correspondence is that there 
is a natural identification of the Hilbert spaces of all the four theories, which iden- 
tification one might be tempted to call "Gauge/Liouville/Teichmiiller/Chern-Simons 
correspondence" ^ 

"^4(1 gauge ("S* ) = "H Teichmiiller (S) = 'HLiouville(S) = "Hchcrn-S imons(S). (1.2) 

The rest of this paper is organized as follows. In section 2 we give more precise 
formulation of our conjectures. In section 3 we outline the logic used in deriving the 

"'^As we will discuss later, for the last equality concerning Teichmiiller theory and Chern-Simons 
theory we need to specify an appropriate boundary condition for the Chern-Simons theory. 
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conjecture. Section 4 discuss the example of once-punctured torus in detail. In section 
5 we briefly comment on generalizations to higher rank gauge groups. In section 6 
we discuss several open problems which we hope will be answered in the future. In 
appendices we collect results useful for the understanding of this paper. In particular, 
readers are encouraged to consult appendix A for the construction of the Hilbert space 
in quantum Teichmiiller theory. 

2 Summary of Our Proposal 

In order to give a more precise formulation of (1.1), let us explain the necessary ingredi- 
ents in detail. On the left hand side of the correspondence we consider a Chern-Simons 
theory with a non-compact gauge group SL{2,M.) ^. This theory has a Lagrangian 



where ^ is a 5*^(2, ]R)-valued connection, M is a 3-manifold, and k is the level of the 
Chern-Simons theory. The partition function is defined by 



When the 3-manifold M has boundaries, we need to supplement this definition with 
the choice of boundary conditions. 

For the purpose of this paper our 3-manifold M will be defined from the following 
three ingredients. First, we choose a Riemann surface S^^/i, where g {h) denotes the 
genus (the number of holes). T^g^h is hereafter often going to be written E for notational 
simplicity. We assume that E is hyperbolic, i.e., satisfies 



Another technical subtlety here is that the holes in general are assumed to be of finite 
size, i.e. each puncture pi is associated with a number mj, representing the size of the 
puncture^. 

Second, we choose two boundary conditions on the Riemann surface E. As we 
will see later, for boundary conditions we first need to choose a pants decomposition 

^In this paper we do not distinguish a Lie algebra from a Lie group, and use the same symbol for 
both of them. 

•^In the literature, a distinction is sometimes made between a "hole" and a "puneture" , the former 
having a finite size and the latter zero size. In this paper we use both words interchangeably, but the 
readers should keep in mind that the holes/punctures are in general of finite size. 







2^ - 2 + /l > 0. 



(2.3) 
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of S and then a set of Sf? — 3 + /i integers, which we collectively write / (and /' for 
another). We choose the same pants decomposition for the two boundary conditions 
I and I'. I and /' will be the length coordinates, half of the length- twist coordinates 
of the Teichmiiller space of S (see appendix A. 2). Recall that the Teichmiiller space 
Tg^h of a Riemann surface T,g^h is the space of complex structure deformations of z^, 
divided by the identity component of the diffeomorphisms of ^g^- 



{complex structure on 
Diffo(S,,^) 



l9,h = T^:^ ^ ■ • (^-4) 



This is a Kahler manifold of complex dimension 

dime Tg,h = 3g - 3 + h. (2.5) 
Third, we fix an element if of the mapping class group Tg^h of S, which is defined 



by 



Diff(S,,,) 

- Diff^- ^2.6) 



This acts on Tg^h, and the quotient Mg^h = Tg,h/^g,h is the moduli space of the Riemann 
surface. 

Our 3-manifold My,^{i^v)^ip is then defined to be S x /, where / = [0, 1] is an interval 
and the boundary conditions at DM = E x {0} U S x {1} are determined by / and v^(/') 
^. The Chern-Simons partition function we have in (1.1) is defined on this manifold. 
When we make the dependence explicit, we have 

(m,/c), (2.7) 

where m collectively refers to a set of parameters {mj}. 

Let us next describe the other side of the correspondence. On this side we regard 
the Riemann surface S as the so-called Gaiotto curve [3]. In other words we consider 
4d A/" = 2 generalized quiver superconformal field theories obtained by compactifying 
6d (2, 0) theory (theories on multiple M5-branes) on E. For the most of this paper we 
consider the case of two M5-branes, i.e. the gauge group of the 4d theory is SU{2). 
We will briefly comment on the higher rank generalization in section 5. 

In Gaiotto's construction, the moduli space of the Riemann surface S is interpreted 
as the space of marginal deformations of 4d superconformal field theory, and the map- 
ping class group of the Riemann surface is identified with the S-duality group of the 4d 



*Note that I and I' have the same pants decomposition, whereas in general does not. 
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M = 2 theory. This in particular means that we can regard 9? as a symmetry of the 4d 
Af = 2 theory, and the physics at value of complexified gauge coupling r is equivalent 
to the physics at </?(r). Here r is defined from the gauge coupling constant g and the 
theta-angle 9 by 



Airi 9 



(2. 



The 4d theory is in general strongly coupled - only at the boundary of the moduli 
space where the Riemann surface degenerates (this is specified by a choice of pants 
decomposition) do we have a Lagrangian description of the 4d theory. Finally, the hole 
parameters in 2d are interpreted as the mass parameters of the 4d theory. 

The 3d A/" = 2 theory we are interested in is realized as a theory on the 1/2 BPS 
duality domain wall inside this 4d A/" = 2 theory. To define this, let us consider M^'^, 
and divide one of the spatial directions (say, x^) into two parts, > and < 0. On 
one side x'^ > we consider 4d theory with complexified gauge coupling r, and on the 
other (x^ < 0) we consider the same theory with different values of the complexified 
gauge coupling: we take the value to be </3(t), where as above ip is an element of the 
duality group. The complexified gauge coupling r then has a non-trivial profile near 
x^ = (Janus solution), and we in particular consider a profile preserving half of the 
supersymmetries. We can make the value of r constant in the whole M?'^ by taking an 
S-duality in x^ < 0, and all the effect of ip is localized around x^ = ^. Since our 4d 
theory is conformal we can squeeze everything into x^ = and we have a 3d domain 
wall at x^ = 0. This domain wall is often called a "duality wall" since it is specified 
by an element ip of the 4d duality group. It is the 3d A/" = 2 theory (1/2 BPS in 4d 
Af = 2 theory) on this duahty domain wall that we study in this paper. We are going 
to call the 4d theory the mother theory, and the 3d theory the daughter theory. In the 
following we will denote the daughter theory by T[SU{2); ip; m] ^. 

In the above description of the 3d theory, 3d theory on the wall couples to the bulk 
4d theory. However, as we will see later in examples, 3d theories themselves can be 
defined purely in 3d; the bulk gauge fields couple with the 3d theory by gauging the 
global symmetries in 3d. The 3d theory has global symmetry SU(2) x SU(2) ^, and 



^There is a subtlety here. When we take the S-dual of SU{2) gauge theory, the gauge group 
becomes the Langlands dual SU{2Y ~ SO{3), which is different from the original gauge group SU{2) 
by a discrete gauge group Z2. In this paper we only deal with Lie algebras, and neglect such global 
structures of Lie groups. 

^This is a generalization of the notation of [4]. Their T[SU{2)] wiU be our T[SU{2); ip^S;m^O] 
for E = Si,i. 

Us we will see, this can actually be SU{2) x SU{2y or SU{2Y x SU{2Y, where SU{2y = 5*0(3) 
is the Langlands dual of SU{2). 
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correspondingly the theory has two parameters a and a', each representing either the 
mass parameter or the Fayet-Ihopoulos (FI) parameter. These parameters are defined 
by couphng 3d theory to a background gauge fields. 

It should be emphasized that our daughter theories can be defined purely in 3d, 
without the coupling to the bulk 4d theory. The reason we refer to 4d gauge theories 
is twofold: first, very little is known about these 3d theories themselves (except for the 
case of Si^i which will be discussed later). Second, our definition of 3d theory as a 
theory of domain walls in 4d will be crucial when we discuss the connection with the 
AGT relation. 

Let us make one cautionary remark here. This 3d theory we just described often 
(but not always) contains gauge fields with Chern-Simons terms with compact gauge 
group SU(2). This Chern-Simons term should not be confused with the pure bosonic 
SL{2, M) Chern-Simons theory in the other 3d. For the most of the following discussion 
the word Chern-Simons often refers to the latter theory. 

Finally, the right hand side of (1.1) is defined as a partition function of the 3d theory 
on a 5''^, whose metric is deformed from the standard metric by a single parameter b. 
In this paper we call this 3-sphere a deformed 3-sphere, and denote it by ^. The 
deformed 3-sphere 5"^ preserves U{1) x U{1) isometry of the S0{4) = SU{2) x SU(2) 
isometry of the standard S^, and can be defined by an equation 

b'^idxj + dxl) + h-'^{dxl + dxl) = 1. (2.9) 

When set to 6 = 1, this reduces to the 5*^ with the standard metric. 
Now we can define the partition function of our theory on 

K](a,a'). (2.10) 

The (1.1) is an equivalence of two expressions given so far, i.e., 

^[T[5C/{2);¥,;m]] \sf\ {tt, a) = Zqs [My.,{i,v),^] {m,k), (2.11) 
under the parameter identification 

a = l, a' = l\ (2.12) 

and 

47r 

h := = 27r6l (2.13) 



^In the literature this is sometimes cahed a squashed . However, readers should keep in mind that 
Si preserves only U[\) x t/(l), whereas squashed 3-sphere often refers to a 3-sphere with SU{2) x U (1) 
isometry. 
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In the discussion above we have chosen a 3-manifold Mj^^i^^ with two boundaries. 
Instead, we can choose to close up the boundaries by identifying the two boundary 
Riemann surfaces. We then have the mapping torus M^,,^, which is defined to be a 
S-bundle over 5*^, with an action of (/? when we go around S^: 

Ms,^ = (S X [0, l])/{(x, 0) ~ ((^(x), 1)}. (2.14) 

There is a corresponding operation on the gauge theory side. Our gauge theory, 
T[SU{2); Lp;m], is defined by a linear quiver with two ends, and we can identify the 
two ends of the quiver to make it into a circular quiver (see Figure 5 (b) and (c)). The 
dependence of the partition function on a and a' are drop out (these parameters are 
going to be integrated out), and (2.11) becomes a statement 

[si] . (2.15) 

The parameter identification (2.13) is highly non-trivial. First, the value of k is 
quantized^ while is a continuous parameter. This suggests that on the Chern-Simons 
side it is natural to perform an analytic continue the gauge group into the complexified 
gauge group SL{2, C), whose action reads 

S = ^ j It A dA+'^A A A A + ^ j A dA+'^A A A A A^, (2.16) 

where A {A) are holomorphic (antiholomorphic) connection and we write t = k + s,i = 
k — s. Consistency requires that k is an integer as usual, but s is not, and can either 
be real or pure imaginary [5]. Such an analytic continuation is natural also from the 
viewpoint of 6d (2,0) theory, since a triplet of Higgs scalars coming from the dimensional 
reduction of a 6d vector multiplet complexifies the gauge field (cf. [6]). 
Second, there is a symmetry 

b ^ b-\ (2.17) 

In 3d gauge theory, this is a geometrically corresponds to an exchange of the 2 f/(l) 
isometries (exchanging (xi,X2) with {x3,X4) in (2.9)). This will appear as the modular 
duality of Liouville theory [7], or more mathematically as an identity (B.6) of quan- 
tum dilogarithm [8], or as a modular double of a quantum group [9]. This should be 
interpreted as an S-duality of the SL{2, M) Chern-Simons theory. We will make further 
comments on this in the last section. 

^The gauge field is in general not a globally defined l-form, but a connection of a line bundle. (2.1) 
is an expression at the local patch when we specify a trivialization of the line bundle. The level is 
quantized in order to make the action independent of the choice of this trivialization. 
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3 Basic Idea 



In this subsection we give an evidence for the proposal above. In short, we use quan- 
tum Liouville theory and quantum Teichmiiller theory as a bridge between the two 3d 
theories (see Figure 1). This is by no means a complete proof of our proposal, since we 
need to invoke several conjectures existing in the literature, including the AGT rela- 
tion, which are assumed in this paper. Nevertheless the following argument is a good 
starting point for the complete proof of our proposal, and moreover provides a coherent 
perspective unifying all the theories discussed in this paper. Of course, the physical 
reason for such a unification should be explained from the existence of the mysterious 
6d (2, 0) theory. 



4d N=2 
Gauge Theory 



u 



3d N=2 
Gauge Theory 



Our Proposal 



3d SL(2,R) 
Chern-Simons 



Liouville Theory 



TeichmullerTheory 



Figure 1. The flow of logic of this section (and the paper). 



In the following we explain each of the steps in Figure 1 in some more detail. 
3.1 Step 1: Gauge to Liouville 

Let us begin with the right hand side of (2.11), (2.15). As we explained, the daughter 
3d A/" = 2 is defined as a theory on the duality domain wall inside the mother 4d 
M = 2 superconformal field theory, so let us begin with this mother theory. When this 
theory is placed on a compact manifold S"^, its partition function can be computed by 
localization [10], and is given by 

Z4d[5'^](g;m;ei,e2) = j da v{a) Zjsick{q; a,m; ei, e2)Zjsick{q; a,m; ei, 62), (3.1) 

where a is the Coulomb branch parameter, m mass parameters, q := e^'^*^ and ^Nek is 
the instanton partition function studied by Nekrasov [11], with ei, €2 being the param- 
eters of f2- deformation. These two parameters can be traded for the two parameters b 
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and h, defined by 



= hb, 62 = h/h. (3.2) 

The overall parameter h is identified with the inverse radius of S*^, and in the following 
we are going to set h = 1. Also, in Pestun's computation we actually have 6 = 1, 
although it is natural to conjecture and existence of a 1-parameter family of manifold 
Sl which reproduce (3.1) with 6 7^ 1. In the following we are going to deal with the right 
hand side of (3.1) with h ^ 1. In the computation of localization, the two factors Z^^k 
and ^Nek are the contributions from the fixed points at the north and the south pole, 
respectively, and the measure i/(a) contains classical as well as one-loop contributions. 

AGT relation [1] states the equivalence of this partition function with a correlator 
of the Liouville theory on E. To fix notations, let us remind ourselves that Liouville 
theory is defined by an action 

S= [ (fz (9090 + TT^e^^'*') . (3.3) 



This theory has central charge c = 1 + 6Q^, where we defined Q = b + b ^. The primary 
operators are given by Va = e°"^, which has conformal dimension 

A{a) = a{Q-a). (3.4) 

Let us consider a correlator of these vertex operators. When we specify the pants 
decomposition a of the Riemann surface, the correlator factorizes into the product of 
holomorphic and anti-holomorphic conformal blocks J^^e 

PjKni^^ = y dav{a) J^a,E{q)J^a,E{q), (3.5) 

where a and E denotes (the set of) internal and external momenta, respectively, and 
q (g) denotes the complex structure (and its conjugate) of S. We include the DOZZ 
3-point function [12, 13] in the measure z/(a), which takes the form 

v{a) = JJ^ sin(7raj6) sin(7raj/6). (3.6) 

i 

Now the first claim of AGT is that Nekrasov partition function of the 4d A/" = 2 
theory coincides with the conformal block of Liouville theory, under the parameter 
identification 

a = ^ + a, E = m. (3.7) 
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The second claim is that the measure z/(a) from the classical and 1-loop partition 
function coincides with the product of DOZZ 3-point functions. These yield the cele- 
brated AGT relation, which claims the equivalence of a correlator with the 4d partition 
function 

Zm[S'] = {IIv^^)^. (3.8) 

i 

4d gauge theories contain a rich class of BPS defect operators. For example, Pes- 
tun's localization applies to the case with a Wilson line operator. In general, we can 
consider the VEV of a 1/2 BPS loop operator L in 4d A/" = 2 theory. The coun- 
terpart of this in Liouville theory is the Verlinde loop operator C [14]. There is a 
one-to-one correspondence between a classification of charges of loop operators and the 
Dehn-Thurston data of the non-self-intersecting curves on the Riemann surface [15]. 
Moreover, as shown in [16, 17], the VEV of the line operator in spin j representation 
is equal to the Liouville correlator with a Liouville loop operator "H corresponding to a 
degenerate field $i,2j+i inserted: 




In this paper we consider yet another type of operators in 4d gauge theories: the 
domain wall operators. As already discussed in the previous subsection, we are going 
to consider a 1/2 BPS domain wall. We introduced this as a domain wall in M^, but 
in order to make contact with the story in this subsection we here consider a 1/2 BPS 
duality domain wall placed on equator of S*^. Summarizing, we have 4d theory on 
S*^, together with a duality wall on the equator, and our 3d A/" = 2 theory lives on this 
equator (Figure 2). 

The domain wall preservers the symmetry used for localization, and hence the par- 
tition function of the 4d theory is again computed by localization. Precise computation 
of the 1-loop determinant can be subtle, but [2] proposed the following expression 

Z««.(S*) = /«aV(»>(a') W^ZM(a.a'.m)ZN*(a'.m). (3.10) 

where the measure i/(a) is the same expression as before. Z3d(a, a',m) is the partition 
function of 3d theory T[SU{2);ip;m] on S^, with a and a' being either the mass pa- 
rameter or the FI parameter of the 3d theory. The 3d theory couples to the bulk by 
gauging the global symmetry. ZNek and Zjssek are contributions from the fixed points at 
the north pole and the south pole, respectively, and Z3ci[a,a'] is the contribution from 
the domain wall. 
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4d N=2 theory 
on 



4d N=2 theory 
on 



3d N=2 theory 
on domain wall S 



■3 



Figure 2. Our 3d A/" = 2 theory is realized as a duality domain wall inside S^, where 
the mother 4d A/" = 2 theory lives. On the left figure, the complexified gauge coupling of the 
mother 4d theory in the northern (southern) hemisphere is given by r (r'), where r' is related 
to T by an action of the S-duality group element ip: t' = (p{t). Instead, we can take S-duality 
in the southern hemisphere to make the complexified gauge coupling r in the whole S*^, but 
then we have a non-trivial 3d theory on the equator S^. 

Now the natural question is whether there is a counterpart of this story in the 
Liouville side. This has been analyzed in [2], and the answer is that it corresponds to 
an insertion of a non-degenerate field, which changes (3.5) into 



where q' = e^'^'^' with r' = </?(r). Now the action of an element cp of the mapping class 
on the conformal block can be represented by an integral kernel 



This is an analog of the modular transformation of characters in rational conformal field 
theory (CFT) — here we have an integral instead of a sum since our CFT, Liouville, 
is irrational. For torus without punctures the kernel ip is indeed determined from the 
modular transformation of characters. 

Substituting (3.12) into (3.11), we have 



Comparing (3.10) and (3.13), we conclude that the two expressions are the same if we 
identify the partition function of the 3d domain wall theory with an integral kernel 
representing (p [2, 18]: 






(3.12) 




(3.13) 



(3.14) 
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where the parameter identifications are given by 

a = a, a' = ol . (3.15) 

In section 4, we review existing checks and provide further evidence for this conjecture 
(3.14). The relation (3.14) will be assumed for the discussion of the rest of this paper, 
and we call the equivalence of (3.10) and (3.13) the "generalized AGT relation". 

3.2 Step 2: Liouville to Teichmuller 

Now that we obtained the expression in Liouville theory, the next step is to rewrite 
everything in Teichmuller theory. 

To explain why this is possible, let us begin with the classical theory. The uni- 
formization theorem states that for each element of the Teichmiiller space there exists 
a unique constant negative curvature metric of the form 

ds^ = e^^^dzdz. (3.16) 

This metric has a constant negative curvature iff satisfies the Liouville equation 

ddcj) = 2nijbe^^^, (3.17) 

which coincides with the equation of motion for the Liouville action (3.3). This is the 
classical equivalence between Liouville and Teichmiiller theory. 

There is a quantum counterpart of this equivalence. When we write the two Hilbert 
spaces for the two theories on a Riemann surface S by 'Hi(S), 'Ht(S), we have 

■HLi^)=nT{^), (3.18) 

where the equality is meant to include the equality of the mapping class group action 
as well. This was originally conjectured by a seminal paper by H. Verlinde [19] in the 
80 's. The explicit construction of quantum Teichmiiller theory was given in the mid 
90's [20, 21], and more recently there are important contributions [22, 23] which almost 
proves the equivalence of the two theories. See also [24], which established a direct 
correspondence between quantum discrete Liouville theory and quantum Teichmiiller 
theory. 

Quantum Teichmiiller theory is a framework to construct the Hilbert space 'Ht(S). 
The precise definition of the Hilbert space of quantum Teichmiiller space will be given 
in appendix A, and we will give concrete discussion in section 4. Here we summarize 
the minimal ingredients needed for the purpose of this section. 

It is important for our purposes that there are several natural different bases in 
'Hr(S). One basis is the holomorphic basis |r), where r is a holomorphic coordinate 
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parametrizing the complex structure of S. This arises from the Kahler quantization of 
the Teichmiiller space. 

Another is the length basis |/). This is obtained when we specify a pants decompo- 
sition cr, and where I = {k} are eigenvalues of the geodesic length operators and takes 
values in M>o- In the language of Liouville theory, these length operators are precisely 
the Verlinde loop operators [17] (C in (3.9)), and the basis |/) is the eigenspace of 
maximally commuting set of Verlinde loop operators determined by the pants decom- 
position. The important property of the basis is that they span a complete basis in "H^ 
[25] 

{l\l') =u{iyHil-l'), J dlu{l)\l){l\ = l, (3.19) 

where z/(/) is the same function as defined in (3.6). 

What we would like to do from now on is to rewrite the expressions (3.5), (3.13) 
in the language of quantum Teichmiiller theory. The crucial observation for this is 
that the conformal block of the Liouville theory can be identified with the overlap of 
holomorphic basis and length basis in quantum Teichmiiller theory [22]: 

J'cAq) = (^k), (3.20) 

where the length parameters / are identified with the Liouville momentum a 

a = l, (3.21) 

and the puncture parameters m, corresponding to external momenta E, are suppressed 
in the notation of the right hand side. For consistency of this equation, note that 
both sides depend on the choice of the pants decomposition (which is suppressed in the 
notation above), as well as on mass parameters. As explained in [26], this follows since 
both sides (1) transform the same way under the action of the mapping class group and 
(2) has the same asymptotic behavior. See [27, 28] for computations on the Liouville 
side. 

The parameter identification (3.21) means that conformal blocks are labeled by 
length /. This has been anticipated long ago, see [19, 29]. We also review one supporting 
argument for this in appendix A. 2. The parameter / is an analogue of discrete labels of 
the conformal blocks in rational CFT. It is not surprising that the label / now becomes 
a continuous parameter, specifying a continuous representation of S'L(2,M). What is 
surprising here is that / is at the same time the label for the complex structure moduli; 
in rational CFT's, the discrete labels of the conformal blocks and the complex structure 
moduli (continuous parameter) are different variables, whereas here the two are unified 
into a single continuous parameter /. 
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The parameter identification (3.21) immediately means that we should have 



Z3rf(a,a') = <^M' = (%IO, (3.22) 

where we used the same symbol for the operator in the Hilbert space of quantum 
Teichmiiller theory. In other words, the modular kernel is simply the matrix represen- 
tation of (y? in the basis |/). This is the quantum Teichmiiller version of the 3d partition 
function in (2.11). This again depends on the choice of the pants decomposition, which 
on the gauge theory side determine the Lagrangian description of the mother 4d theory. 
To see the consistency of this relation, let us start with 

ip\q) = (3.23) 

where q' = e^'^'^fi'^) , These equations will follow from the definition of the state |g) but 
its meaning is intuitively obvious. We therefore have 

m') = m = mi) 

f (3.24) 

dl'u{l'){l\^\l'){l'\q)= dl'u{l')^^,:Fi\q). 

This reproduces the transformation property (3.12) of the conformal block. 

For the convenience of the reader in Table 1 we have summarized the correspon- 
dence between gauge/Liouville/Teichmiiller theories discussed so far. 

Table 1. Dictionary relating gauge theory, Liouville and Teichmiiller theory. 



4d/3d gauge theory 


Liouville 


Teichmiiller 


S-duality 


mapping class group 


mapping class group 


mass/FI parameter a, a' 


internal momenta a, a' 


length parameters /, /' 


mass parameter m 


external momentum E 


puncture parameter m 


line operator L 


Verlinde loop operator C 


geodesic length operator C 


3d partition function 


integral kernel for ip 


VEV of operator (p 


^3d(a,a') 


'Pa,a' 


mi') 


Nekrasov partition function 


conformal block 


pairing 


ZNek(o,"^) 
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3.3 Step 3: Teichmuller to Chern-Simons 

So far everything is defined in two dimensions, but we would like to lift this story to 
three dimensions: we will find a SL(2, M) Chern-Simons theory. 

Let us again start with the classical theory. We write the 2d metric on S by 
zweibeins e"*", e~ 

ds'^ = e+®e-, (3.25) 

and by the S0{2) spin connection u. When we regard u as an independent degrees of 
freedom, we have 

{{e+,e-,u; Gg = 0)} 
= Diffo X LL ' ^^-'^^ 

where LL denotes local Lorentz transformations. The constraints are given by 

^+ = de+ - a; A e+, 

g- = de~ + u Ae-, (3.27) 
= duj-e^ A e". 

The first two equations are the definitions of the spin connection, whereas the third 
condition is the condition of constant negative curvature. 
Let us define 

A = e+T" + e-T+ + coT^, (3.28) 
where ,T~ are generators of SL{2,'R), satisfying commutation relations 

^^3^ 7-+] = T+, [T\ T~] = -T~, [r+, T~] = (3.29) 

Then the constraints (3.27) are translated into the condition that ^ is a SL[2,M.) fiat 
connection: 

= dA + AAA = 0. (3.30) 

We recognize this as the equation of motion of the SL[2,'R) Chern-Simons theory. At 
the level of the Lagrangian we see that the action of the SL{2, M) Chern-Simons theory, 
when written in terms of the zweibein and the spin connection, takes the form 

S[e~^,e~,u] = — [ ( -uj A dco + e'^ A de~ + u A A e~ 
4vr JrxS V2 



k 



j A dtOJ + e+ A dte- + A ^° + e^" A ^+ + A g-^ 



(3.31) 
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In the last expression we integrated over the time variable t, and we recover the con- 
straints (3.27). It is remarkable that we have a manifest (2+l)-dimensional invariance, 
and it is one of the important purposes of this paper to recover this (2+l)-dimensional 
invariance for our partition functions. 

There are some caveats in the classical 2d metrics and the SL(2,M.) Chern-Simons 
theory mentioned above, and it is important to keep this subtlety in mind. Not all 
classical solutions of SL{2, M) Chern-Simons have their counterparts in Teichmiiller 
theory. For example, ^ = 0, i.e. e"*" = e~ = a; = is a classical solution of (3.30), but 
the corresponding metric is trivial and is not non-degenerate. Such a singular metric 
is not allowed in gravity, or at least in classical gravity. In general, flat connections are 
classified by Wilson loops, i.e. 

Hom (7ri(S), SL{2, M)) /SL{2, M), (3.32) 

where the gauge symmetry SL{2, M) on the right acts by conjugation. It is known 
that this space has several connected components'^. Each gauge field (a connection) 
specifies a vector bundle, and its Euler number labels the connected components. For 
a flat bundle, the absolute value of this number is bounded by 25f — 2 ([30, 31], see also 
[32]), and the Teichmiiller space is the identified with the component with the maximal 
value 2g — 2 This is an important difference between Chern-Simons theory and 
Teichmiiller theory. In the following we restrict ourselves to discussion involving only 
the local structure of the moduli space of 5*1/(2, M) fiat connections in the Teichmiiller 
component, and will neglect more global structures of the moduli space'^. 

We now want to consider 3d SL{2,M.) Chern-Simons theory with boundary. The 
key result crucial for the discussion here is the following: when we have a SL(2,M.) 
Chern-Simons theory on a 3-manifold with boundary, on the boundary we have a 
Liouville theory [19, 33, 34]. 

This should be considered as an analogue of the classic correspondence between 
SU{2) Chern-Simons theory and Wess-Zumino-Novikov-Witten (WZNW) model [35, 
36]. Some readers, however, might be puzzled by this statement, since it is also stated 
in the literature that SL{2, M) Chern-Simons theory on a 3-manifold with a boundary 
has SL{2, M) WZNW model on the boundary. In fact, the difference between these two 

-"^"More precisely, the mathematical statements which follow in this paragraph is for PSL{2,K.) flat 
connections. The relevant connections, however, can be lifted to SL{2,M.). 

^^The Eulcr number changes sign when wc change the orientation of E. When we take this into 
account, we essentially have 2g — 1 connected components. 

^^It is probably the case that our theory, where the metric is required to be invertible, is actually 
closer to (2+l)-dimensional gravity than Chern-Simons theory. 
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statements arise from the choice of the boundary conditions. This is explained clearly 
in [19], so let us briefly summarize the results there^^. 

Consider SL(2,M.) Chern-Simons theory on a manifold with boundary. The ac- 
tion (2.1) is then not invariant under the infinitesimal change of A, and we need to 
supplement the action with a boundary condition to make the action invariant. One 
way to specify a boundary condition is to set the values of the fields to be constant 
at the boundary. For this purpose we need to choose a polarization — we divide the 
phase space degrees of freedom into coordinates and their conjugates, the momenta. In 
SL{2,M.) Chern-Simons theory a natural choice is a holomorphic polarization, where 
we take A" (a = 1,2,3) as coordinates. Here z and z represents the coordinates on 
the 2d surface on which we do canonical quantization. The conjugate variable A'i then 
becomes 

A1 = i^^. (3.33) 

The well-known results in Chern-Simons theory says that after solving the Gauss law 
constraints (quantum version of (3.30) imposed on the wavefunction) , we have a wave 
function 

■^[Al At, A-] = exp (^^^wzNw) , (3.34) 
where T is the SL{2, M) WZNW action 

^wzNW = / Tr [g'^dg) {g-^Bg) + / Ti{g-^dgf, = {g'^dgf^^, (3.35) 

JT, JM 

where S is the boundary of M. This is the correspondence between WZNW model and 
the Chern-Simons theory well-known in the literature. 

We can also choose a different polarization. As discussed in subsection 3.3, we can 
trade A for the zweibein e"'",e~ and the spin connection u. We choose {oJz,et ,6^} as 
independent degrees of freedom^^. The conjugate variables become (see (3.31)) 

Att a _ Air d _ Att d 

"^-^Ta:;:' '^='tm' '-'=~'Td^- ^'-''^ 

The constraint equations (3.27), imposed on the wavefunction ^[uJz,et,et], are now 
non-linear, but fortunately we can solve them. When we write 

e"*" = e^{dz + ^dz), e~ = e'^{dz + j2dz), (3.37) 



^■^Wc would like to thank H. Verlinde for explanation of his work. 
^^This polarization is not independent of SL{2,M.) gauge transformation. 
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we have a wavefunction "^[uz, (f), fj]- This wavefunction itself is a coordinate dependent 
quantity since manifestly depends on the choice of the coordinate z. However, this 
dependence drop out when we form an inner product of wavefunctions and carry out a 
Gaussian integral with respect to Uz] we are then left with integrals over </> and fi. The 
(p dependence of the wavefunction is a chiral half of the Liouville action, and when we 
fix a gauge by choosing a conformal gauge, we have an inner product of the Liouville 
theory, integrated over the Teichmuller space. This is the derivation of the statement 
that in SL{2,M.) Chern-Simons theory there is a boundary condition labeled by the 
complex structure moduli such that the boundary theory is a Liouville theory. 

Of course, the two polarizations are not unrelated, and one can recover one from 
the other; the wavefunction in the two polarizations are related by a Legendre transfor- 
mation, and we are able to obtain Liouville theory from WZNW model by a procedure 
known as Hamiltonian reduction or Drinfeld-Sokolov reduction [37-39]. The existence 
of this hidden SL{2, M) symmetry in Liouville theory was discovered by the work of 
Polyakov [40]. See also [41] for the discussion in terms of asymptotic boundary condi- 
tions of 3d gravity. 

In general, a useful framework for studying the connection between a topological 
3d theory on a 3-manifold and another theory on its 2d boundary is the axiomatic 
formulation of topological quantum field theory (TQFT) [42]. Suppose that we have a 
3d topological quantum field theory. When we have a 3d manifold M without boundary, 
we have a number, the partition function on M. When we have a 2d surface E, we have 
a Hilbert space ^(E) on it, since we can canonically quantize the theory on E x R, 
where R direction is regarded as time. When we have a 3-manifold M with boundary 
E, we can do a path integral over M, and we have an element \M) of 'H(E). When M 
has two boundaries {dM = (— E)UE', minus sign representing the orientation reversal), 
path integral over M gives a map from 'H(E) to 'H(E'). 

Let us apply this general framework to the Hilbert space of the quantum Te- 
ichmiiller theory. We are then lead to the identification of the Hilbert space of the 
Chern-Simons theory with that of the quantum Teichmiiller theory: 

Ht(E)=Hcs(S), (3.38) 

where we emphasize again that on the right hand side we have specified the boundary 
condition on E by an element of the Teichmiiller space. In particular, this includes the 
statement that the action of the mapping class group commutes with the isomorphism 
between the Hilbert spaces. This means that the partition function of the 3d domain 
wall theory, which we now know is equivalent to (3.22), can be understood as 

a transition amplitude in Chern-Simons theory: the partition function on a 3-manifold 



- 18 - 



M = S X /, where the boundary conditions on S x {0} and S x {1} are determined 
by / and ip{l') (see Figure 3). This gives the right hand of the relation (2.11): 

Zcsp X /] = (3.39) 

We can also take a sum over /, which geometrically corresponds to replacing S x / by 
S X S^: 

Zcs[S X S'] = Tr(<^) = jdl {IW). (3.40) 
This is the right hand side of (2.15). 




(P(l') 



Figure 3. We consider Chern-Simon theory on S x /, where the complex structure of the 
two Riemann surfaces on the boundary are specified by I and ^p(l'). 

3.4 SL(2, M) Chern-Simons Reformulation of the Generalized AGT relation 

In the discussion so far our aim has been to provide evidence for (2.11) and (2.15). 
However, we have already obtained more than we originally aimed for; all the ingredi- 
ents of the generalized AGT relation (3.10) can now be expressed in the language of 
the Teichmiiller theory, and consequently the SL{2, M) Chern-Simons theory. This give 
a natural question: is there a natural interpretation of the whole expression (3.10), not 
just the 3d domain wall partition function? 

Using the expression (3.20) for the conformal block in quantum Teichmiiller theory, 
(3.13) becomes 

J dldl' v{l)v{l') {q\l){l\^\l'){l'\q). (3.41) 

Using the completeness relation of basis |/) (3.19), this reduces to a rather simple 
expression 



(^kk) = {q\q')- 



(3.42) 



Again, we have an expectation value of the operator but now in the holomorphic 
basis. This is to be expected since conformal block represent the change of basis in 
quantum Teichmiiller theory. (3.42) represents the two figures in Figure 2; for example, 
the right hand side simply says that we have a Janus solution with r in the northern 
hemisphere and r' in the souther hemisphere, which is represented by a pairing between 
the states |g) and \q') in the Hilbert space 'Hcs(^) (recall q := e^'"*'^). 

The discussion so far raises the following question: is there a counterpart of the 
state |g) in 3d domain wall theory, not just its pairing? Is there a Hilbert space in 4d 
theory? Since the 4d theory near the domain wall is defined on 5*^ x /, by regarding / 
direction as time and canonically quantizing the theory we have a natural candidate, 
the Hilbert space of quantum ground states of the 4d theory on S^. We are going to 
denote this by 7/4(1 (5*^). From this viewpoint the chiral half of the AGT relation can be 
formulated as an equivalence of two Hilbert spaces, T-L^^^S^) and l-iLiT), where as we 
have seen the latter coincides with 'Hcs(S). Moreover, the Nekrasov partition function 
and the conformal block are represented by the same element in the Hilbert space in 
this identification: 

'H4d(5'^) = 'Hl(S), 

u (3.43) 

I^Nck) = 1-^)) 

and the equivalence of the 4d partition function (3.10) and (3.13) becomes a simple 
statement that an action of the matrix element of ip commutes with the isomorphism 
between the Hilbert spaces of the two theories: 

{Z^MZ^c^.) = {TlvlJ")- (3.44) 

The interpretation of the AGT correspondence as an identification of H^diS^) and 
l-iLi^) is not new, see for example [17, 43]. The novelty of the present discussion 
is that we consider an action of the mapping class group and gave a Chern-Simons 
interpretation of the results. 

There is actually one more Hilbert space in the literature. In [43], Nekrasov and 
Witten considered a 4d topologically twisted theory on f2-deformed 3-sphere, S^^ ,:^, 
where €1,62 are parameters of f2-deformation (3.2). Pestun's result then means that 
quantum ground state of the physical string theory on S*^ x M coincides with the Hilbert 
space of the topological twisted theory on r2-deformed S^^ with ei = 62. It is natural 
to extend this result toh ^ 1; quantum ground state of the physical string theory on Si 
should coincide with the Hilbert space of the topological twisted theory on f2-deformed 

"^topological 4d(>S'£^, 62) ~ "^physical 4d ('5'^) . (3.45) 
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It is an interesting problem to find out if this is correct. Note that both and S^^ 
preserve the same symmetry f/(l) x U{1). If (3.45) is correct, then by taking the limit 
e — J- 0, our story should be directly related with the work of Nekrasov and Shatashvili 
[44]. Works are currently in progress in this direction. 

As already explained, the simple structure of the left hand side in (3.44) has a 
geometric meaning: {Z\ corresponds to a contribution from a northern hemisphere, if 
to a domain wall on S^, and |Z) to a southern hemisphere. In other words, we have a 
decomposition of the 4-sphere 

= U53 D\ (3.46) 

where D'^ is a disc (hemisphere) which has the equator as a boundary. 

The counterpart of this decomposition in the SL{2, M) Chern-Simons theory will 
be as follows. Choose a 3-manifold M^- with boundary S with complex structure r, 
such that the path integral of the Chern-Simons theory gives an element \q) G 'H(S). 
We then have a 3-manifold 

M = M,U^M;„ (3.47) 

and 

Z4d{S^) = Zcs(M). (3.48) 

It is notable that the relation (3.48) claims an equivalence of the partition function of 
4d M = 2 theory (with 3d 1/2 BPS defect) and 3d Chern-Simons theory! 

Unfortunately, we have not been able to explicitly identify the manifold Mr which 
gives rise to a state |g) in 7/(2). However, there is an interesting observation: the 
decomposition (3.47) is reminiscent of the Heegaard decomposition of 3-manifolds. 

To describe this, let us define a genus g handlebody Hg as a 3-disc with g handles 
attached to it (see Figure 4). The boundary of this 3-manifold is a genus g Riemann 
surface without punctures, S^. This means that when we have two handlebodies of 
the same genus g and an element ip of the mapping class group of S^, we can glue two 
handlebodies to construct a closed 3-manifold. 

M = HU^ H\ (3.49) 

where ip maps dH to dH'. This decomposition is called a Heegaard decomposition 
of M, E is called a Heegaard surface, and g the Heegaard genus. There is a theorem 
saying that every closed 3-manifold admits a Heegaard decomposition^^. 

^^Simple examples: can be decomposed into northern and southern hemispheres at the equator 
5"^, which gives a genus Heegaard decomposition. Lens spaces have genus 1 Heegaard decompositions. 
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n 
+ 

Figure 4. A genus g handlebody is a 3-manifold obtained by attaching attaching g handles 
to a 3-ball. Its boundary is a genus g Riemann surface. 

Comparing the two expressions (3.47) and (3.49), it is tempting to identify Mr and 
H, when our Riemann surface S = does not have a puncture, h = 0. This is a 
conjecture we make in this paper. If this turns out to be the case, SL{2, M) partition 
function of an arbitrary 3-manifold, not just that on E x J, has a direct interpretation 
in 4d A/" = 2 gauge theory. In fact, in the case of SU{2) Chern-Simons theory, the same 
strategy was taken to define an invariant of the 3-manifold [45]. The method of the 
paper [45] applies directly to any rational conformal field theories, but not to irrational 
theories as discussed in this paper^^. It would be interesting to investigate this point 
in more detail. 

Our proposed correspondence is summarized in Table 2. 

Comments on the M5-brane Interpretation 

As already mentioned in introduction, the relation (2.11) can be considered as a 
3-1-3 analog of the AGT relation, and has an M5-brane interpretation. Recall that AGT 
correspondence arises from M5-branes on [S^ x /) x S, where 4d A/" = 2 theory lives 
on 5^ X / and 2d Liouville theory on S. In this language, our correspondence can 
be thought of as a M5-brane theory on S*^ x (J x S). In this sense our story can be 
considered as a (3-1-3) analog of AGT relation, where one theory (3d M = 2 domain wall 
theory) lives on and another (5*1/(2, R) Chern-Simons theory) on J x S. However, 
we should keep in mind the differences — our story includes extra domain walls, which 
breaks the supersymmetry to half (TV = 2 in 3d), as opposed to 4d A/" = 2. In M- 
theory this will be represented by the existence of another M5-branes. The intersection 
of two M5-branes will be codimension 2 defects in the original M5-brane (cf. [2]). Brane 
configurations reminiscent of ours appears in the recent work of [46], which includes 

^^Technically, we have to show that the invariant defined does not depend on the choice of the 
Heegaard splitting. 
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Table 2. Summary of the proposed correspondence between 4d/3d gauge theory and SL{2, M) 
Chern-Shnons theory. 



4d/3d gauge theory 


3d SL{2,R) Chern-Simons 


S*^ with duaUty wall on 


3- manifold M 


decomposition of 5"^ 
54=^4 U53 


Heegaard decomposition 
M = Hi Us H2 


disc with boundary 


handlebody H with boundary E 


duality wall 


mapping class group of S 


quantum ground space of gauge theory 


Hilbert space on the boundary 
^cs(S) 


Nekrasov partition function ^Nek G 'HidiS^) 


conformal block J-" G Hcsi^) 


partition function on 


partition function on M 



(as a particular case of more general brane setups) D3-branes wrapping S"^ and an 
NS5-brane on the equator 5*^ inside S^. 

Before closing this section, let us comment on (possibly) related proposals in the 
literature. For example, [47, 48] conjectures a Chern-Simons description of 4d A/" = 4 
theory on with twists by R-symmetry and S-duality^^. [6] proposes a correspondence 
between 3d SL{2, C) Chern-Simons theory and 2d A/" = (2, 2) theory, which could 
presumably be understood as a dimensional reduction of our story here. [50] discuss 
the Chern-Simons reformulation of ACT relation, and in particular makes contact with 
the results of [16, 17]. [51] also discusses the 3d hyperbolic geometry in the context 
of ACT relation and the work of [44], while the 2d Teichmuller/3d Chern-Simons 
connection as in section 4.4 has already appeared in [52]. The novelty of the present 
paper is that we have provided coherent presentation of all the topics from a unified 
perspective, starting from 4d/3d supersymmetric gauge theories to 3d SL{2, M) Chern- 
Simons theory. We also have clarified the meaning of the ACT relation, and have 
provided exact quantitative statements (2.11), (2.15), which can be checked by explicit 
computations. It would be interesting to clarify the precise relation of our proposals 
and those in the literature. Some works in this direction is currently in progress [53]. 

^^Some people might be tempted to relate x version of the proposal (2.15) with the one of 
[49], which also consider the 4d theory on x S^. However, there are important differences. First, 
in that reference they consider a supcrconformal index of the 4d theory, not the partition function of 
the 4d theory with 3d defects. Second, their index is invariant under the modular transformations — 
this is why they have 2d TQFT, not 3d TQFT. 
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4 Example: Once-Punctured Torus 



In this section we work out the example of Si i in detail^®. Many of the our results below 
can straightforwardly be adopted for more general examples (although computationally 
more complicated), and we have included several arguments which are independent of 
the example we discuss here. 

4.1 Theories on Duality Walls 

Let us begin with the description of the mother 4d A/" = 2 theory and its daughter, the 
3d A/" = 2 domain wall theory. For once-punctured torus, the mother 4d theory is the 
4d A/" = 2* theory, where the parameter associated with the puncture of Si i plays the 
role of an adjoint mass parameter deforming A/" = 4 to A/" = 2*. The mapping class 
group of Si^i is given by S'L(2,Z), which is identified with the S-duality group of the 
mother 4d theory. 

What we would like to do is to identify the action of this group on the 3d A/" = 4 
theory. This SL{2, Z) action is not a symmetry of the 3d theory itself; rather it maps 
one 3d theory to a different 3d theory. This SL{2, Z) action was studied by [55] for an 
Abehan gauge group, and by [4] for non-Abelian gauge groups. 

Let us choose generators S,T of SL{2,'L): 

S-i']^, tJ\]). (4.1) 



^-1 oy ' vol. 

An arbitrary element ip of SL{2, Z) can then be written as 

(f = T'^'ST'^^ST''^ . . . ST'^K (4.2) 

It is therefore sufficient to identify the action of T and S. 

It is not difficult to describe the effect of T transformations. T*^ maps r to r + /c, 
which means the shift of the ^-angle by 2Tik. When we have a Janus configuration with 
6*- angle profile given by 

.(.3)4f (4.3) 

[0 (X3 < 0), 

this induces a level k Chern-Simons term on the 3d domain wall at xa = 0: 

^ ^ e{x3)TrFAF = —[ Ti A A ( dA + -A^] , (4.4) 



Svr^ .Lavw 47r ,L:i \ 3 



^^The AGT relation in this example was proven in [54]. 
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Hence corresponds to adding a level k Chern-Simons term for the background gauge 
field. 

The effect of ^-operation is more subtle. For the moment let us set the parameter 
m to be zero, i.e., the 4d theory is the A/" = 4 theory, and discuss the mass deformation 
later. 

To describe S-operation, let us introduce a 3d theory T[SU{2)]. This is a theory 
on the duality domain wall for if = S. This is a 3d A/" = 4 SQED with two electron 
hypermultiplets. This theory has been extensively studied in the context of 3d mirror 
symmetry [56], and is self-mirror. 

In TV = 2 language, we have a vector multiplet A, an adjoint (i.e. neutral) hyper- 
multiplet $, and a set of hypermultiplets 0i, 02, 01, 02 of charge +!,+!, —1,-1. The 
theory has R-symmetry Spin(4) = SU{2)n- x SU{2)ji, and a pair of hypermultiplets 
{(pi, (pi) is a doublet of SU{2)n- The theory has a Lagrangian 



(TO 



1 f -is^ 



+ d^9 



V^0.$0. 



c.c. 



(4.5) 



where S is a linear multiplet containing the field strength of the vector multiplet. This 
theory has global symmetry SU{2) x SU{2y , where SU{2y = 5*0(3) is the Langlands 
dual of SU{2). The SU{2) symmetry manifest in the action, and (pi {(pi) transform as a 
fundamental (antifundamental) of that SU{2). The SU{2)'^ symmetry is not present in 
the classical action, and arises as a quantum symmetry of the theory (the Abelian part 
of SU{2)'^ is simply a shift of the dual photon, but we need to use monopole operators 
to see other symmetries). 

We can introduce a real mass parameter /i and a FI parameter Q. The former is 
introduced by gauging the U{1) part of the flavor symmetry SU{2) and introducing a 
background gauge field = —i99fi. Since the four hypermultiplets 0i,02,0i,02 have 
charges +1, —1, —1, +1, this adds a term 



^1 + 



^1 + 



(4.6) 



to the Lagrangian^^. The FI parameter is similarly introduced by coupling a background 
vector multiplet 



C 



— d^evcT., 

TT ' 



(4.7) 



^^This parameter /i is the real mass parameter, which is one of the triplet of mass parameters. Only 
the real mass parameter is consistent with the symmetries used for the localization of the partition 
function. The same remark applies to the FI parameters. 
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where = i66( and the numerical factor in front of the integral is chosen for later 
convenience. 

Now let us go back to the action of 5* on 3d A/" = 4 gauge theories. Let us begin 
with a 3d superconformal theory with a SU(2) global symmetry^". Since T[SU{2)] has 
global symmetry SU{2) x SU{2y, we can gauge the diagonal part of the two SU{2) 
global symmetries of the two theories. The resulting theory has a global symmetry 
SU{2Y , which is a remnant of the global symmetry of T[SU{2)]. Similarly, when we 
have a theory with global symmetry SU{2y, we can couple it to T[SU{2y] (which 
is T[SU{2)] due to mirror symmetry) and the resulting theory has a global symmetry 
SU(2). This is the action of S on 3d theories. 

S and T defined above satisfy [4, 55]^"^ 



and hence generate the full SL{2, Z). 

It is useful to graphically represent S and T as in Figure 5. In this figure, gauging 
the diagonal G symmetry {G = SU(2) or SU(2)'^) of two theories with G global 
symmetry is represented by concatenating two edges. Our 3d theory corresponding to 
an element of the mapping class groups is described by a linear quiver, while the 3d 
theory in (2.15) is described by a circular quiver. 

Let us now give mass to the adjoint hypermultiplet, and deform Af = 4 theory to 
M = 2* theory. The corresponding deformation in 3d daughter theory was identified in 
[18] based on symmetry arguments: the deformation should preserve SU{2) x SU{2)^ 
symmetry as well as A/" = 2 supersymmetry. The answer is that we weakly gauge the 
U{1) symmetry under which 0j, (pi all have charge 1 and $ charge —2. The action now 
contains an extra term 



where = im66/2. The factor 2 is chosen for notational simplicity of the following 
discussion. 

^°Morc precisely, this means that we have a precise recipe to couple the theory with a background 
vector multiplet. 

^-'^ There are some subtleties in these formulas — in fact, changes the orientation of the current 
and therefore it is more legitimate to write S'^ = —1. Also, (ST)^ is in general a certain topological 
invariant which is independent of the conformal field theory under study. We are not going to deal 
with such subtleties in this paper. Let us remind the readers, however, that this is simply an overall 
constant whereas our partition function is a function of puncture parameters {rrii}. 



1, (^r)=^ = 1, 



(4.8) 




(4.9) 
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T[SU(2)] 




(a) 

T[SU(2)] T[SU(2)] T[SU(2)] T[SU(2)] 




Figure 5. Graphical representation of S and T operations on 3d = 4 theory. In these 
figures a square represents a global symmetry, a circle gauge symmetry, and a hexagon a 
Chern-Simons term, with level specified by an integer written nearby. In (a) we listed all the 
basic building block of our quiver. The left represents our T[SU{2)] theory. This is often 
written as above, with only SU{2) symmetry manifest. However, it also has quantum SU{2)'^ 
symmetry, and in the figure below we have also shown this symmetry explicitly. The figure 
on the right represents the action of T, i.e., Chern-Simons couplings. More generally, an 
element of the mapping class group is represented by a product of S and T, and graphically 
represented by a linear quiver. The example of (/? = ST^ST^ST^S is given in (b). When we 
gauge the remaining SU{2) x SU{2) symmetry, we have a circular quiver, given in (c). In 
figures (b) and (c) we neglected subtle differences between SU{2) and SU{2)'^ . 
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Partition Function on Deformed 

We are now going to compute the partition function on S^, or more generally the 
deformed 3-sphere S^. We can use localization [57], as well as its generalization to 
theories with anomalous dimensions [58, 59], to compute the partition function on S^. 
More recently, these computations has been generalized to the deformed 5*^ [60]. 

The partition function for the mass-deformed T[SU{2)], given in [18, 59] for 6 = 1 
and here generalized to b ^ 1, reads^^ 

ZT[sui2y,m] {fiX;m) = —— / da — ^— e ^\A. 10 

In this expression the four dilogarithms arise from the 1-loop determinants of four 
hypermultiplets. The integration variable a is a scalar of the vector multiplet, and the 
exponential term in the integrand represents the classical contribution from the vector 
multiplet. 1-loop determinant is trivial for the vector multiplet. Finally, the factor 
l/sb{m) arises from the 1-loop determinant for the neutral hypermultiplet. Mirror 
symmetry can be formulated statement 

^r[SC/(2);m](yU,C;"^) = ^T[5C/{2);m](C,/^; -"^)- (4-11) 

We can also generalize this analysis to a linear quiver, i.e. more general element 
of 5*^(2, Z) as in Figure 5 (b). When we gauge SU{2) global symmetry (S'f/(2)^ 
symmetry), the background vector fields represented by the mass parameter /i (FI 
parameter () becomes dynamical, and should be regarded as a scalar component a of 
the vector multiplet. In localization, this is the variable over which we integral out. 
This means that when we take a product of two elements in SL{2, Z), we need to take 
a product of the partition function of the corresponding two theories and integrate over 
the scalar component of the vector multiplet which becomes dynamical. For example, 
for ip = ST^S we have 

J da ZTisu(2)ym\{fJ',cr) e''^""''''' ZT[su[2y,m]('^^ 1^')^ (4-12) 

where the term e~^'^*'^°'^ represents the classical contribution from the Chern-Simons 
term induced by the action of T'^. When we introduce integral kernels 

S(ay;ni) ■= ZT[SC/(2);m] (o", 0"'; H > ^(f7,a') := e"^™'5(cr - Cr'), (4.13) 

the expression (4.12) then simplifies to 

J dada' S(^^a;m)T(l^„,)S(tT',fi';m) = (ST^ S) -rn) ■ (4-14) 

^^Here we shifted by mass by iQ/2 as explained in [61]. 
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Namely, is simply a product of matrices given in (4.13)! It is therefore straightforward 
to compute the partition function for the theory T[5't/(2); yj; m] for any element of <^ 
of 5L(2,Z). 

This statement, despite its simplicity, is actually far from trivial. The potential 
source of trouble is that (as mentioned already) the classical Lagrangian of T[SU (2); m] 
has only SU{2) symmetry, and SU{2Y is a quantum symmetry which is not present in 
the Lagrangian. We can switch to the mirror description to make 5'f/(2)^ symmetry 
manifest, but then SU{2) symmetry is turned into a quantum symmetry. What this 
means is that at the Lagrangian level it is not clear how to gauge both SU (2) symmetry 
and SU{2y symmetry simultaneously, but such a simultaneous gauging of SU{2) and 
SU{2Y is needed for constructing theories with longer quivers including three or more 
say if = ST''ST''S In this paper, motivated by the correspondence with Liouville 
theory and Chern-Simons theory, we conjecture that the partition function in these 
cases can still be computed from the products of (4.13). Alternatively, we can regard our 
Gauge/Liouville/Teichmiiller/Chern-Simons correspondence as a supporting evidence 
for this conjecture. It would be interesting to explicitly verify this conjecture. 

4.2 Comparison with Liouville Theory 

Let us next compare out results in 3d gauge theory with the modular transformation 
properties of conformal blocks in Liouville theory (3.12). Again, an element ip of 
SL{2, Z) can be decomposed into a product of S"s and T's, and all we need to do is to 
write down the integral kernel for S and T. For the T transformation, we have 

T^a,a';E) = S{a-a')e^-'^^''\ (4.15) 

where A(a) is the conformal dimension given in (3.4). For the S-kernel the expression 
in [22, 62] reads 

S - 2''' /, /^("^ + ^ + f + f)^^(^^-^ + f + f) ,4... 

^^-'^^^ -7^)]/' s^ia' + r - f - f )..(«' - r - f - f ) ^ ' ^'-''^ 

where the function Sb{x) is the quantum dilogarithm function [8, 63, 64] defined in the 
appendix B. 

By comparing the formulas (4.10), (4.13) and (4.15), (4.16), we see that the two 
result much under the parameter identification 

r = a, a = C) a' = fi, E = m. (4-17) 

This explicitly verifies the relation (3.14). 



^We thank F. Benini and D. Gaiotto for discussion on this point. 
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4.3 Construction of the Hilbert Space 

Having established the connection between 3d A/" = 2 theory and Liouville theory, we 
move on to quantum Teichmiiller theory. Readers unfamihar with Teichmiiller theory 
are encouraged to consult appendix A. 



Figure 6. Triangulation of Si i. The fundamental region of the torus is represented by a 
square, and the puncture are represented by four black dots, all of which are identified. The 
triangulation has two triangles and three edges. 

Let us triangulate our surface Si^i by 3 edges and 2 triangles, as shown in Figure 
(6). For each of the 3 edges we assign a Fock coordinate, denoted by x,y and z. The 
non-trivial commutation relations are given by (A. 10) 

[x,y] = [y,z] = [z,x] = -4rf, (4.18) 

or equivalently 

XY = g-^YX, YZ = g-^ZY, ZX = g-^XZ, (4.19) 

where in the following capitalized variables represent exponentiation, 

X = e^ \ = e\ Z = e\ (4.20) 

This algebra has a central element, i.e. a constant, corresponding to the puncture 

m:=x + y + z. (4.21) 

There are 2 remaining variables, which is consistent with the fact that the complex 
dimension of the Teichmiiller space is one in this example (see (2.5)). Let us choose 
the 2 variables to be r and s, which are defined by 

V + z V — z 

2Txbr = - , 2Txbs = - . (4.22) 

2 ' 2 ^ ^ 

Note that this particular choice of variables breaks the SL{2, Z) symmetry of the torus. 
They satisfy the standard commutation relation 

|s,r]^^. (4.23) 
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This commutation relation has a standard representation in terms of coherent state of 
q: 

1 d 

r\r) = r|r), s|r) = - — (4.24) 

This is an infinite dimensional representation, reflecting the fact the Liouville theory is 
an irrational conformal field theory. 

Let us next describe the action of the mapping class group S'L(2,Z). For this 
purpose it is useful to choose the generators 

More concretely, these flips change the a, /3-cycles of the torus as 

L : a -i- a + (3, (3 (3, R : a -i- a, (3 a + (3. (4.26) 

These generators are related to the generators 5* and T (4.1) by 

S = LR~^L, T = L. (4.27) 

The action of L can be considered as a product of the flip on the edge x, together 
with the exchange of labels of x and z afterwards, see Figure (7). The flip is represented 
by (A.13) 

X' = X~\ Y' = (l + gX)(l + g3X)Y, Z' = {1 + qX^^y\l + q^X-^y^Z. {A.28) 

The variables X', Y', Z' satisfy 

X'Y' = gVX', Y'Z' = g^Z'Y', Z'X' = g^X'Z'. (4.29) 

We need to exchange X and Z in order to go back to the original algebra (4.19). We 
then have an expression for the action of L: 

X" = (l + gX-i)-^(l + g3X-i)-^Z, Y" = (1 + gX)(l + g=^X)Y, Z" = X-^ (4.30) 

The operator L for an element L of the mapping class group reproduces this 

X" = X L , Y" = Y L , Z" = L^^ Z L , (4.31) 

and we have a similar set of equations for R. 
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flip in edge X SL(2,Z) exchange x'and z' 




Figure 7. L acts on the triangulation by a combination of a flip with an exchange of labels 
of edges. 

4.4 Chern-Simons Reformulation 

Armed with the construction of the Hilbert space in the previous section, we can now 
give a precise prescription to define the Chern-Simons partition functions in (2.11), 
(2.15). Here we concentrate on the trace Try?, but the same argument can straightfor- 
wardly be adopted for {l\ip\l'). 

Again, let us fix a triangulation of S. The element ip of the mapping class group 
maps this triangulation to another. Since any two triangulations are related by fiips, 
the action of on the Hilbert space can be represented by a product of operators 
representing fiips. 

V:. = TiT2...T;v, (4.32) 

where in the example here, Tj is either one of the two operators L or R. The decompo- 
sition of into fiips is not unique, but the expression (4.32) is well-defined due to the 
pentagon relation. By inserting a complete set of basis 

Jdqi\qi){q,\ = l. (4.33) 

we have 

Tr(v9) = Y\dqi (gi|Ti|g2)(g2|T2|g3) • • • (g7v|TAr|gi). (4.34) 

As for the basis \qi), we can either take \x) or its conjugate \y). Note that the expression 
above is independent of the choice of basis \qi), since we are computing the trace. 
This discussion so far can be summarized in the following rules: 
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1. Decompose the action of into a product of flips. 

2. For each flip we prepare a "wave function" (q'|T|g'). Here q and g' are different 
only in quadrilateral where the flip T takes place. In other words, this is a local 
operation on S. 

3. We glue the wave functions, where gluing means we integrate over the variables 
shared by two flips. For example, the gluing of two wavefunction (g|T|g') and 
(g'|T'|g") is performed as 

y"dg'(g|T|g')(g'|r|g"), (4.35) 

and this gives another wavefunction (g'|TT'|g"). By repeating this procedure, the 
trace Tr(y9) is obtained by integrating over all the intermediate states 

Note that the trace is independent of the choice of triangulation we started with. 
Indeed, when we change the triangulation we change the initial state |gi) to = T|gi), 
where T represents a product of flips. This has the effect of replacing </) by T~^</3T, but 
this does not change the trace since the trace is invariant under conjugation. 

Now let us reformulate these rules in terms of the 3d S'L(2, M) Chern-Simons theory. 
Recall that our 3-manifold relevant for the computation of Tr*/? is a mapping torus 
(2.14). In most of the cases the 3-manifold is a hyperbolic manifold, locally isomorphic 
to H^. For example, for </) = LR we have a complement of the figure eight knot (also 
called 4i knot, see Figure 8), <y9 = L^R is a hyperbolic manifold called m009 in the 
conventions of SnapPea. 




Figure 8. The figure eight knot. This is a knot inside S"^, and the complement of this knot 
is a mapping torus of Si.i over ^ with ip = LR. 

The key observation for the following discussion is that a flip can be traded for a 
tetrahedron [65], see Figure 9. Suppose that we have a flip in a quadrilateral. We can 
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then introduce an extra direction (time coordinate) to represent this change as a cube, 
see Figure 9 (b). By taking a deformation retract of this cube, we have a tetrahedron 
of the pillow-hke shape (Figure 9 (c)). This tetrahedron is essentially the superposition 
of the two quadrilaterals in Figure 9 (a). 




Figure 9. A flip in 2d can be traded for a tetrahedron in 3d. The tetrahedron (c) is obtained 
by a deformation retract of the cube (b) representing the flip (a). 

This means that the decomposition of ip into flips in 2d now becomes a decompo- 
sition of the 3-manifold into tetrahedra in 3d language. The gluing operation in the 
third step of the previous rule then becomes the gluing two faces of the tetrahedra. 

In our example of once-punctured torus, when (p is written as product of gen- 
erators L and i?, the mapping torus is triangulated with tetrahedra. We can take 
these tetrahedra to be ideal tetrahedra, where an ideal tetrahedron is a tetrahedron 
with vertices at the boundaries of H'^ in a hyperbolic manifold [65]^^. 

Our new rule, now in 3d language, is summarized as follows. 

1. Decompose the mapping torus into tetrahedra 

M = |jA„ (4.36) 



^ This particular ideal triangulation coining from 2d triangulation is called the canonical ideal 
triangulation in the literature. 
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2. For each tetrahedron we prepare a matrix element (g'|T|g'). |g) and \q') now 
represent the boundary conditions at the faces of the tetrahedron^^. 

3. When we glue two ideal tetrahedra, we glue the two corresponding wave functions 
by integrating over boundary conditions. The partition function on M is obtained 
by gluing all the ideal tetrahedra as in (4.36). 

Some readers might think at this moment that this is just a trivial rewriting of 
what we already know. However, all of the above 3 steps are given intrinsically in 3d, 
and in particular, we can choose triangulations different from the ones coming from 
the triangulation of the 2d surface S. Any two 3d ideal triangulations are related by a 
series of 2-3 Pachner moves shown in Figure 10, and pentagon relation in 2d can now 
be interpreted as an invariance of our partition function under the 2-3 Pachner move^^. 




Figure 10. The 2-3 Pachner move. This move changes a 3d ideal triangulation into another. 

The partition function defined by the procedure above is a kind of a state sum model 
for the Chern-Simons theory. The basic idea is the same as our previous discussion of 
Chern-Simons theory as TQFT, except that we now apply the same procedure to each 
tetrahedra. Namely, we have a wave function (an element in the Hilbert space) for each 
tetrahedron when we do the path integral over the tetrahedron with specific boundary 
conditions. There are some well-known state sum models for Chern-Simons theory, see 
[67, 68]. For the case of direct relevance to our paper, i.e. S'L(2,]R) Chern-Simons 
theory or its analytic continuation into SL{2, C), there is a proposed state sum model 
by Hikami [66, 69], which is a non-compact analog of [70]. See also [71-73]. It is an 

^^For notational simplicity we used the same symbols q, q' for slightly different boundary conditions 
in 3d and in 2d; in 3d they determine the boundary conditions at the boundary of a tetrahedron, 
whereas in 2d they determine the boundary conditions in the whole Riemann surface, not only in the 
quadrilateral. 

^^This result is known in the literature, see for example [66]. This reference also discuss examples 
of once-punctured torus bundles, and computed their partition functions by using canonical triangu- 
lations. 
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interesting problem to compare the our state sum model with the known results in the 
literature. This problem is currently under investigation [53]^^. 

Finally, let us conclude this section by briefly commenting on more general Riemann 
surfaces. The procedure is in principle the same for any Riemann surface, but can be 
technically involved. Probably the next simplest example will be a 4-punctured sphere, 
which corresponds to 4d SU{2) Nf = 4 theory. The integral kernel of the fusion and 
branding for this theory are known (see for example [75]). Indeed, the S-transformation 
for Si^i is a specialization of that of So,4 [76]. Both and So,4 are covered by Si^4. 

5 Comments on Higher Rank Generalizations 

It is straightforward to generalize our proposal to the case G = SU{N). This claims 
the equivalence of the partition function of 3d SL{N,M.) Chern-Simons theory on a 3- 
manifold S x J with that of a 3d A/" = 2 SU{N) gauge theory on a (deformed) 3-sphere 
{S^), which is realized as a duality domain wall inside the mother 4d A/" = 2 SU{N) 
theory on 5*^. 

Many of the ideas presented in section 3 have their counterparts in this higher 
rank generalization. For example, AGT relation has been generalized to SU (N) gauge 
groups by [77, 78]. Moreover, there exists are higher rank generalization of Teichmiiller 
theory called the higher Teichmiiller theory [79], which quantizes the moduli space of 
fiat SL{N, C) or SL{N, M) connections for N > 2 [80]. As for the boundary conditions 
of Chern-Simons theory, there is again a Hamiltonian reduction from SL{N, C) Chern- 
Simons theory to Toda theory on the boundary [37-39]. Moreover, the computation 
of partition functions by localization works for SU (N) gauge theories both for 3d and 
4d theories. It would be interesting to perform detailed quantitative checks of this 
generalization^^ . 

6 Conclusion and Discussion 

In this paper, we initiated a program to connect 3d SL{2, M) Chern-Simons theory and 
3d M = 2 gauge theory on duality walls. In particular, we proposed an equality of the 

^'In [74], for a oiice-puncturcd torus bundle, it was shown that the semiclassical classical limit of 
the trace of the Teichmiiller theory reproduces the hyperbolic volume and the Chern-Simons invariant 
of the mapping tori. 

^^It is probably work mentioning here that a class of higher spin theories can be reformulated as 
a SL{N,M.) X SL{N,M.) Chern-Simons theory. There are recent proposals about holographic duality 
with W-minimal models; see for example [81] for a recent discussion. 
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partition functions of the two theories, given in (2.11) and (2.15). We also proposed a 
SL{2,M.) reformulation of the AGT relation and its generalization (see Table 2). We 
provided evidence for this conjecture by linking the two theories with quantum Liouville 
theory and quantum Teichmiiller theory. We also provided explicit computations in the 
case of the once-punctured torus. 

Clearly there are many open problems, some of which are already mentioned in the 
main text. Here we list some more problems. Solutions to any of these questions are 
welcome. 

• Identify the matter content of the 3d A/" = 2 domain wall theory for general Rie- 
mann surface ^g,h- This should be a doable problem since the partition function 
of these theories can be computed from quantum Teichmiiller theory. 

• Can we give a direct verification of our proposal from dimensional reduction of 6d 
(2, 0) theory? As a possible clue, [82] discuss the appearance of the Chern-Simons 
term from a dimensional reduction of (2, 0) theory. 

• Does our 4d partition function give an invariant of a 3-manifold determined from 
a Heegaard decomposition (see section 3.4)? Alternatively, one may use the 
definition from the surgery formula, mimicking the argument of [35]. 

• Identify the quantum group Uq{SL{2,'R)) in our story, see for example [75]. For 
SU (2) Chern-Simons theory the quantum group Uq{SU (2)) was used in the math- 
ematical formulation of the 3-manifold invariants [83]. 

• SL{2, C) /5'L(2, M) x SL{2, M) Chern-Simons theory describe the Lagrangian of 3d 
gravity [84]. Is there any implication of our results to 3d gravity? Since Liouville 
theory describes 2d gravity, there should be a relation between 3d gravity and 2d 
gravity, which in turn is related to 4d/3d supersymmetry gauge theory. 

• Extend our results to asymptotically free 4d gauge theories [85, 86] or 5d gauge 
theories [87, 88]. 

• Study the self-duality of SL{2, M) Chern-Simons theory, see discussion around 
(2.17) and [73] for recent discussion. Mathematically, this is a manifestation of 
the (quantum ) geometric Langlands correspondence, see for example [26, 89-93]. 

• Formulas of quantum dilogs appear in the Kontsevich-Soibelman wall crossing 
formula [94]. Is there any implication of our results to wall crossing? The reference 
[95] uses Fock coordinates to give physical derivation of the wall crossing formula, 
and the trace similar to ours appear in [96]. 
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• Prove (3.45). Connect our story to that of [26, 43, 44, 97], and find integrable 
structures in Chern-Simons tfieory. 

• Find a gravity solution representing our M5-brane configurations in the large 
limit. The gravity solution constructed in [98] may be useful in this respect. 

• Reformulate/prove our conjectures in the language of Penner-type matrix models, 
see [99]. 

• The dual graph of the triangulation of S is a bipartite graph (dimer), which 
also appears in the context of 4d quiver gauge theories [100-102] and BPS state 
counting on toric Calabi-Yau manifolds [103-105]. There are similarities between 
quantum Teichmiiller theory and dimer theory, cf. [106]. How far does this 
analogy go? 
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A Construction of the Teichmiiller Hilbert Space 

In this section we summarize basic aspects of the classical and quantum Teichmiiller 
theory. This gives a precise recipe to construct the Hilbert space 7{t(S)- Our discussion 
here applies to a general Riemann surface T^g h. See section 4 for a concrete discussion 
in the case of Si i. 

A.l Fock coordinates and Flips 

Let us begin by introducing coordinates in the Teichmiiller space. The basic idea needed 
for this is simple — by triangulating a Riemann surface, we can divide S into a set of 
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triangles, and by explicitly specify how we glue these triangles back we can parametrize 
the complex structure moduli of S. 

The triangulation is chosen in such a way that all the vertices of the triangles 
are placed at the punctures and all edges are geodesies connecting punctures^^. Here 
geodesic means geodesic in the metric corresponding to a point in the Teichmiiller 
space. The number of faces [F), edges (E) and vertices {V) are given by 

F = 2{2g-2 + h), E = 3{2g-2 + h), V = h. (A.l) 

To verify this, note the constraints 

3F = 2E, x{^g,o) = -V + E-F = 2g-2. (A.2) 

It is known that all such triangulation are related by a series of operations called 
flips (also called Whitehead moves). Choose an edge e which bounds two triangles. 
A flip removes the edge e and adds another diagonal e' of the resulting quadrilateral 
(see Figure 11). Flips satisfy the pentagon relation shown in Figure 11, which can be 
represented by 

^12^13^23 = ^23^12; 

(A.3) 

where Tij represents the flip exchanging the two neighboring faces i and 

Given a triangulation, we assign a coordinate Ze, the Fock coordinate (also called 
the shear coordinate) [107], for each edge e. This is a coordinate of the Teichmiiller 
space, such that its Kahler form (Weil-Petersson form) takes a simple form 

{Ze, Ze'} = ne,e' G {"2, -1, 0, 1, 2}, (A.4) 

where the constant ?7,e,e' on the right hand side is defined as the number of times we 
see Figure 12 (a) minus the number of times we see Figure 12 (b). 

Let us describe the geometrical meaning of the Fock coordinates. For an edge e, 
let us define le to be the hyperbolic distance between the two punctured connected by 
the edge e. This defines yet another coordinate coordinate of the Teichmiiller space, 
called Penner coordinate or lambda-length [108]. For an edge e as in Figure 11 (a), the 
relation between the two coordinates are given by 

Ze = (A.5) 

^^The dual of this triangulation is called a fat graph. 

set of invertible operations Tij satisfying (A.3) is called a Ptolemy groupoid. 

■^^ Actually, the definition of Zg is subtle when the puncture has size zero, since when naively computed 
le diverges. We thus need to choose a cycle around each puncture and regularize the value of le- The 
Penner coordinate depends on the choice of the regularization, but these ambiguities cancel out in the 
Fock coordinates. 
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b (a) b 




(b) 

Figure 11. (a) represents a flip on the edge e. (b) shows the pentagon relation. 




(a) (b) (c) 

Figure 12. Suppose two edges e and e' share a vertex, and there are no other edges between 
then. This contributes either 1 or —1 depending on the two possibiUties (a) and (b). The 
number n^^e' is defined as a sum of all such contributions. Note that (c), with other edges 
between e and e', does not contribute to this computation. 

where we used capitalized letters when we exponentiate variables. For example, 

L, = e'% Za = e'\ (A.6) 

In other words, Fock coordinate is defined as a cross ratio of Penner coordinates of the 
four the edges of the quadrilateral. 
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Another way to explain this is as follows. To explain this, let us represent the 
Riemann surface on the upper half plane, and the triangles as half-circles having their 
vertices on the boundary. The uniformization theorem guarantees that by a suitable 
coordinate transformation this is always possible for Riemann surfaces satisfying (2.3). 
By a Mobius transformation on the boundary we can choose the vertices of the first 
triangle to be 0, —1 and oo. The Fock coordinate Z then coincides with the coordinate 
of the fourth vertex (Figure 13). This means that Fock coordinates parametrizes the 
gluing to two triangles. 




Figure 13. Fock coordinate determines the gluing to two triangles in the upper half plane. 
The vertices on the boundary is taken to be 0, — 1, oo and Z. 

Let us describe the change of coordinates under the change of triangulation. For 
this, it is sufficient to describe the case of the flip as in Figure (11). In Penner coordi- 
nates, a flip as in Figure 11 is represented by 

L'^ = {LaL, + L,Ld)/U, (A.7) 

while Penner coordinates for all other edges stay the same. This is simply a Ptolemy's 
theorem in hyperbolic geometry. Using coordinate transformations in (A. 5), this is 
translated into (assuming the four edges a, 6, c, d are all different) 

= (1 + Z,)Za, zl = {i + z;Y'Zb, 

Z'^={l + Ze)Z,, Z'a = {l + Z~yZd, (A.8) 

z: = z-\ 

More generally, for an edge / different from e we have 

= (1 + Ze)"/-Z; (n;,,>0), Z; = (l + Z-^)"/-Z; (n;,e<0). (A.9) 
We can directly verify that (A.7), (A.8) satisfy the pentagon relation in Figure 11 (b). 



-41 - 



Finally, let us proceed to the quantum theory. We choose the quantization in Fock 
variables. See [21, 25] for quantization in other variables defined by Kashaev^^, and see 
[109] the relation between the two quantizations. 

The quantization proceeds in the standard way: by replacing the symplectic form 
by a commutator of operators. For example, in Fock coordinates we have (recall we 
have h = 27r62 (2.13)) 

[Ze,Ze'] = 27rib^ne,e', (A.IO) 

or equivalently 

Z„Ze. = g2"-'Z,,Z„ (A.ll) 

where we defined 

g = e"*^'. (A. 12) 

The equations for the flip, (A. 8), is now modifled to be 

Zl = (l + gZ,)Z„ Z;=(l + gZ;i)-%, 

Z^=(l + gZe)Z„ r, = {1 + qZ:Y'^,, (A.13) 

K = zr^ 

In the classical limit g — 1 this reduces to the classical formula for quantization. We 
can directly verify that this satisfies the pentagon relation. Moreover, (A.13) preserves 
the relation (A. 10)'^^. In fact, under several assumptions this quantization is unique, 
as has been shown in [110]. 

A. 2 Length Operators 

Let us now comment on the construction of the length basis |/) needed for the con- 
struction of conformal block (3.20)'^^. 

For this, let us fix a pants decomposition of E. This means E can be viewed as a 
union of trinions (a sphere with 3 holes), and we connect the trinions by a cylinder. For 
each trinion with the size of holes k fixed, it is known that there exists a unique metric 

•^^These variables are assigned to the faces of the triangulation, and may be useful for the comparison 
with the results of [66, 69] 

^■^Note that the value of Ue.e' in general changes before and after the quantization. 

^^See [17, 22, 26] for the definition of the holomorphic basis |r). Mathematically, this is intimately 
connected with the theory of opers [111]. The normalizations of the basis |r) is fixed by imposing the 
asymptotic boundary conditions for the conformal blocks. 
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with negative constant curvature. Moreover, when we glue two trinions together by a 
cyhnder, we can add a twist 9i along the cylinder circle Cj (we call this a pants circle) 
along the cylinder. We call this twist parameter. The length parameters > and 
twist parameters < < 27r (also called Fenchel-Nielsen coordinates) parametrize 
the Teichmiiller space of the Riemann surface. The important properties of these 
coordinates is that Weil-Petersson form simplifies in this basis [112] 

{/„ Oj} = {h, I,} = {e„ e,} = 0. (A.14) 

This provides an important consistency check of the previous proposal that / should 
be identified with the label for the Virasoro representation (see [19]). The shift of the 
twist angle 9i by A9i is represented by an operator e*'^^^'% but this should also be the 
same as e^^^iLoiCi)^ where Lo(Cj) = <f^ dzT{z) represents the rotation along the circle 
Cj. This immediately means /(Cj) = Lo(Cj). 

Let us summarize the classical expression for the geodesic length in terms of Fock 
coordinates [107]. Let us choose a geodesic 7 on E (in the complex structure which is 
kept fixed in this section). We assume that 7 does not pass through punctures of S. 
Then 7 can be described as a series of segments 7^, where each 7, is a path starting from 
an edge and ending at another edge of the triangle. Let us denote the Fock coordinate 
of the edge at the starting point of 7j by Zj. Depending on the two possibilities shown 
in Figure 14 (a), we define M^^ = VE[zi) or or M^. = V~'^E{zi), where the matrices 
V, E{z) are given by 

Then the classical length of 7 is given by the expression 

L^ = 2 cosh ^ = |Tr JJ M^^ , (A.16) 

i 

where the ordering of the product is determined by the ordering of the segments 7^ 
inside 7. 

As an example, for once-punctured torus triangulated as in Figure 6, we can choose 
an a-cycle as in Figure 14 (b). 

L„ = |Tr {V~^E{z)VE{y))\ = 2 cosh {^-^^ + exp (^^^ . (A.17) 

Quantization of the classical geodesic length gives a length operator men- 
tioned in the main text'^^. The length operators for the pants circles 7^ all commute. 



■^^In general, there are ordering ambiguities in this quantization, which are fixed such that several 
consistency conditions are satisfied. This subtlety does not arise for the example discussed above. 
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X 




Figure 14. In (a) we list two possibilities for the paths -fi. In (b) we draw the a-cycle on 
torus, from we read off the classical expression of the geodesic length of the a-cycle. 



since pants circles are non-intersecting. This means that we can simultaneously diago- 
nalize the operators C^^ 

= 2cosh{2-Kbk)\l). (A.18) 

This is the definition of length basis |/). 

For the case of the once-punctured torus, the length operator for the a-cycle Ca is 
the quantization of (A. 17) 

Ca = 2 cosh 27rfer + e^'''^, (A.19) 

see section 4.3 for definitions of r, s and the their coherent representation |r). The basis 
|/) is defined as an eigenstate of the length L^. 

= 2cosh27r6/|/). (A.20) 

Sandwiching (A.19) between (r| on the right and |/) on the right, we have a difference 
equation 

{r-ib\l) = (2cosh27r6/ -2cosh27rr/)(r|/). (A.21) 
From which we derive (up to possible overall normalization factors) 

^ £4±I±|§. (A.22) 

Sfe(f - r - iQ/2) 

where we used the property of the quantum dilogarithm (B.8). We can directly verify 
the completeness relation (3.19) by using an identity of quantum dilogarithms, see [25]. 

We can also define |/'), an eigenstate of the /3-cycle length Cjs. The integral kernel 
for S-transformation (4.16)is then given by a pairing between the two 

= {l\S\l') = m. (A.23) 
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B Quantum Dilogarithm 



In this appendix we collect formulas for the non-compact quantum dilogarithm function 
Sb{z) and eb{z), which was discovered by Faddeev and his collaborators [8, 63, 64]. See 
also [113], section III of [114] and an appendix of [115]. 
The function Sb{z) is defined by 



Sb[z) = exp 
In the literature we also find 





r dw 1 




Jo \ 



sin 2 zw z 
(bw) sinhiw /b) w 



{B.l] 



eb{z) = exp - / , B.2 

V4 i_oo+io w smh(w6) smh(w/6)/ 

where the integration contour is chosen above the pole w = In both these expressions 
we require |Imz| < jlmc^l for convergence at infinity. There is a simple relation between 
the two functions 

eb[z) = 6 2 6 24 Sb[z), (B.3) 

and we loosely refer to both functions as quantum dilogarithms. The relation (B.3) can 
be shown by decomposing the contour in (B.2) into the three parts [— oo, — e] Uee'*'^'"' U 
[e, cxd], simplifying expressions, and taking the limit e — )■ 0. In the classical limit — > 0, 
we have 

e,{z) ^ exp (^Li2(-e^-''^)) , (B.4) 

where Li2(^) denotes Euler classical dilogarithm function, defined by 

U,[z) = - r '^^^dt. (B.5) 
Jo ^ 

The quantum dilogarithm function Sb{z) has a number of interesting properties. 
For example, from the definition it follows immediately that 

Sb{z) = si/b{z). (B.6) 

and 

Sbiz)sbi-z) = 1. (B.7) 
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(B.8) 



eb{z-tb^^/2) 



(l + e- 



)e,(z + z6±V2) 



(B.9) 



We can use these equations to analytically continue Sb{z),eb{z) to the whole complex 
plane. Sb{z) is then a meromorphic function with an infinite product expression 
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